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Abstract 

In the present letter, we consider the DeBroglie-Bohm interpretation of quan- 
tum Friedmann-Robertson- Walker (FRW) models in the presence of a negative 
cosmological constant and cosmic strings. We compute the Bohm's trajectories 
and quantum potentials for a quantity related to the scale factor. Then, we 
compare our results with the ones already in the literature, where the many 
worlds interpretation of the same models was used. 
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Quantum cosmology was the first attempt in order to remove the Big Bang 
singularity by quantizing the gravitational theory The DeBroglie-Bohm 
interpretation of quantum mechanics , is frequently used in quantum 

cosmology. In the minisuperspace models treated using the DeBroglie-Bohm 
interpretation the common argument used to justify the absence of a Big Bang 
singularity is the fact that the scale factor Bohmian trajectories a(t), as a func- 
tion of a chosen time, never go through a = 



imian trait 
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Many authors have quantized FRW models with different kinds of perfect 
fluids [4 jfl Q, H, H, Q) Q using the variational formalism developed by 
Schutz 16j . An important example of a perfect fluid is the one representing 
cosmic strings. Cosmic strings were originally thought as linear defects formed 
at symmetry breaking phase transitions in the early universe. They would play 
a fundamental role in the structure formation of our universe. Unfortunately, 
due to some of their properties and observational bounds it became clear that 
cosmic strings could not produce any relevant effect on the issue of structure 



formation 



17| . More recently, it was demonstrated that in models where the 



universe has extra dimensions the fundamental superstrings may have cosmic 
length Jjj. Since they have different properties from the original cosmic strings, 



described above, they may still play an important hole in structure formation. 
Apart from that, any kind of cosmic string may produce some observational 
effects. The most important of them are gravitational waves and cosmic lensing 

y 

In this work we consider the DeBroglie-Bohm interpretation of quantum 
FRW models in the presence of a negative cosmological constant and cosmic 
strings. Each model differs from the others due to the curvature of the spatial 
sections which may be positive, negative or null. Cosmic strings may be de- 
scribed by a perfect fluid with equation of state p = —(1/3)/), where p is the 
fluid pressure and p is its density. The presence of a negative cosmological con- 
stant in the present models implies that the universes described by them have 
maximum sizes, in other words they are bounded. Although recent observations 
point toward a positive cosmological constant, it is still possible that at the very 
early Universe the cosmological constant was negative. Those models have al- 
ready been quantized using the variational formalism developed by Schutz 
There, the authors used the spectral method to compute the energy eigenval- 
ues and eigenfunctions of the Wheeler-DeWitt equations corresponding to each 
model. Then, they combined the energy eigenfunctions and the time dependent 
sector in order to obtain wave packets. From these wave packets they derived 
the time-dependent scale factor expectation values for each model. For each 
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model, it is clear that the scale factor expected values never go to zero. These 
results give a strong indication that those models are free from singularities, at 
the quantum level. 

In order to apply the DeBroglie-Bohm interpretation for those models, it 
would be easier if we had algebraic expressions for each wavefunction. We obtain 
those expressions by first applying the canonical transformation introduced in 
Refs. 15 and to the superhamiltonian eq. (8) of Ref. 9]. In the present 



situation this equation reduces to, 

2 

n = --^-3k + Aa 2 + PT = 0, (1) 

where a and T are the canonical variables and p a and px are their canonically 
conjugated momenta, respectively. Using the following canonical transformation 
Q and Q, 

a = V2x, p a = p x a, (2) 
the superhamiltonian function eq. (JXJ) transforms to, 

2 

H = -y| - (3fc - 2Kx) +p T = 0. (3) 

It is important to notice that the new set of canonical variables and correspond- 
ing canonically conjugated momenta are (x,p x ) and (T,px)- Also, the physical 
properties of the models are not modified by the transformation eq. ([2]) because 
the superhamiltonians T-L eq. {I} and H eq. are identical up to a constant 
j^ . It means that one may describe equally well the models by using the 
variables (a, T) or (x,T). 

Now, the quantum dynamics is ruled by the Wheeler-DeWitt equation, 

.i£ + (»-2A.))»(*,t)-<2!fcfl (4) 

In order to solve it we assume that, 

y(x,t) = r}(x)exp(-iE n t). (5) 

It gives rise to the following equation to T)(x), 
1 d 2 

-—- r ^ri(x) + (3k-2Ax-E n )r)(x) = 0. (6) 
12 ax z 



The solutions to this equation are the Airy functions, algebraic expressions as 
we wished, 



r)(x) = c\Ai 



{^3 (3k- 2Ax- E n )\ „ f y^(3k-2Ax- E n ) S 
{ A^ ) +C2Bl [ 



The Airy functions Bi grow up exponentially when x — > oo. In order to eliminate 
this undesirable behavior, we put C2 = 0. Then, the energy eigenfunctions for 
our models are, 

The wave packets can be constructed via the superposition of the energy eigen- 
functions and the time dependent sector for a given A value. Here, we consider 
the eigenfunctions and the time dependent sector corresponding to the lowest 
21 energy levels, in analogy with Ref. Q: 

9{x, t)=22 C n Ai -I-i ^71 — ex P H-M- (8) 

71 = \ / 

These packets must be identically null at x = 0. Thus 

The Airy functions Ai have many nodes. This implies that there will be a certain 
discrete set of values of E n , obtained as solutions to eq. ©. As an example, 
the values of E n for the cases k = —1, 0, 1 and A = —15 are very similar to the 
ones found in Ref. specially for large values of n. The case A = recovers 
the results obtained in Ref. [4(. We restrict ourselves to the cases where A < 0. 

The time evolution of the wave packets built from eq. (jHJ, for all values of 
k, shows that they are null not only at the origin but they are asymptotically 
null at infinity as well. In the region near x = these packets present strong 
oscillations, which decrease as x increases. 

In order to use the DeBroglie-Bohm interpretation we must re-write ^b(x,t) 
eq. ijHJl, in the polar form, 

*{x,t) ^ R{x,t)e lS{x ^ (10) 
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where, 



R{x,t) 



\ 



C n C m Ai (G (fc, A, E n , x)) Ai (G (k, A, E m , x)) cos ((£?„ - B m )t) 

(11) 



n,m— 



S^x, £) = arctan 



Elo (g ( fc > A > gnjf)) sin(£ n t) 



(12) 



E™=o C m Ai ( G A > ^m, a;)) cos(£ m <) 
and N = 20. 

Following the Bohm-deBroglie interpretation we introduce ^{x, t) in eq. ^ 
this leads to the next two equations for R(x,t) and S(x,t) Q], 



where G (k, A, E n ,x) = M^E^l 



dS(x,t) 
dt 



+ V ef (x) + 



f dS(x,t) 
V dx 



+ Q(x,t) = 0, 



(13) 



dR(x,t) dS(x,t)dR(x,t) , ft 2 S(x,t) 



0t 



9x dx 



dx 2 



(14) 



where V e / — 3k — 2Ax and the Bohmian quantum potential Q(x,t) is dchncd 

by H, 

In the present situation, using the value of R(x,t) eq. (fTTj) . Q(x,t) eq. (| 15[) 
takes the form, 

11 /9M X \ 2 M 2 
0(a: '* ) = 4M?^J ~ 2 M? (16) 

where 

Mi= ^ C n C m Ai (c{k, A, £„,i)] Ai fc(k, A, S ro ,x)") cos ( (E n — Em)t 



n,m — 



(17) 



M 2 = (9A 2 ) 1/3 



^ ^ CnCrr 



G(k,A,E n ,x) + G(k,A,E m ,x) x 
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xAi ( G (k, A, E n , x))Ai[G (k, A, E m , x) 



+2 Ai' G (k, A, E n ,x)) Ai G (k, A, E m , x 



cos (E n - E m )t Yl8) 



N = 20 and 



Ai, 



' (G(k,A,E n ,x) 



dAi(u) 
du 



\u=G(k,A,E n ,x) 



The Bohmian trajectory for x is given by |3| , 

dS 



P.i 



dx 



(19) 



(20) 



Computing Hamilton's equation from the superhamiltonian eq. ([3]) one notices 
that p x = —Qdx/dt. If one introduces that result in eq. (|20j) . one obtains, 



dx _ IdS 
dt 6 dx 



Using the value of S(x,t) eq. (fT2|) in eq. (|2T|) . it reduces to, 

= /AV 1/3 fi(f) 

where N = 20, 



(21) 



(22) 



= I] G„G m Ai' ( G(k,A,E n ,x (t))J Ai( G(fc,A,S m ,i(t))j x 

xsinf (E n -E m )t ) , (23) 



F 4 (t) 



^ G„Ai ( G (fc, A,E n ,x (t))J cos (JS n t) 

n=0 ^ ' 

^ G m Ai (g (fc, A,E m ,x (t))\ sin (£ m t) 



(24) 



The solution to equation (|2"2"|) . which is the Bohmian trajectory of x, which 
is the variable describing the universe, represents the quantum behavior for the 
cosmic evolution in the Planck era. 
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We have solved eq. ([2"2"|) for several values of negative A, all possible values 
of k and many different wavefunctions constructed as linear combinations of 
the energy eigenfunctions and corresponding time sectors. We have found the 
same qualitative behavior for the Bohmian trajectories of x, in all those cases. It 
oscillates between a maximum and a minimum value and never goes through the 
zero value. It means that, quantum mechanically, in those models there are no 
big bang singularities which confirms the result obtained using the many worlds 

n 

interpretation [9J. In order to exemplify this behavior we show the Bohmian 
trajectory of x for a model with k — —1, A = —15 and the wavefunction 
obtained by the linear combination of twenty-one energy eigenfunctions and 
corresponding time sectors with eigenvalues given in Table [T] Those are the 
twenty-one lowest energy eigenvalues and are very similar to those found in 
Q, specially for large values of n. For simplicity we have set the twenty-one 
constants coming from the linear combination equal to C n — (— 1)™ +1 , where 
n = 0, 1, 20. We have computed the time evolution of x up to t = 1000 and 
used the initial condition x — 0.152055822977591 at t — 0. This initial condition 
was obtained from the calculation of the expected value of x, for the same model 
and the same linear combination of energy eigenstates and corresponding time 
sectors. The result is shown in Figure [1] and is qualitatively similar to the figure 
representing the scale factor expected value given in Ref. [9j. 



E = 6.860180827 


E 1 = 14.23955048 


E 2 = 20.28110245 


E 3 = 25.62065647 


E A = 30.50170883 


E s = 35.04999229 


E 6 = 39.34105502 


E 7 = 43.42474496 


^ 8 = 47.33612710 


E 9 = 51.10104684 


Exo = 54.73924547 


E n = 58.26623169 


E 12 = 61.69446998 


E13 = 65.03416823 


E u = 68.29381974 


E w = 71.48058714 


E w = 74.60058160 


En = 77.65907027 


E 18 = 80.66063387 


Eig = 83.60928720 


E 20 = 86.50857447 



Table 1: The twenty-one lowest energy levels for a FRW model with k = —1, A = —15 and a 
perfect fluid of cosmic strings (p = — l/3p). 
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The absence of big bang singularities in the present models are very easy 
to understand when one observes the Bohmian quantum potential eq. (|16p. for 
those models. We have computed Q{x, t) eq. P^|) . for several values of negative 
A, all possible values of k and many different wave functions constructed as linear 
combinations of the energy eigenfunctions and corresponding time sectors. The 
calculations were made over the Bohmian trajectories of x. It means that Q 
reduces to a function that depends only on t. We have found the same qualitative 
behavior of Q, in all those cases. Initially, at t = 0, there is a potential barrier 
(Bo) that prevents the value of x ever to go through zero. Then, the barrier 
becomes a well for a brief moment and again a new barrier appears {B\). After a 
while, B\ turns into a well for a brief moment and then another barrier identical 
to Bq appears. After that Q, periodically, repeats itself. Bo is different from 
B\. B\ exists for a longer period and is shorter than Bq. One may interpret the 
potential shape in the following way. Initially, at t = 0, x starts to grow from 
its minimum value different from zero, first rapidly, and then its velocity starts 
to decrease until it goes to zero, at the maximum value of x. Then, x starts 
to decrease, first slowly, and then its velocity starts to increase until x reaches 
its minimum value different form zero. There, its velocity changes sign and x 
starts to grow once more, as described above. This dynamics is represented 
in Q, initially, by B 0l then the first well, then Bi and finally the well just 
after B\. Then the movement of x repeats itself periodically. These models 
have no big bang singularities because Bo and its periodic repetitions prevent 
x ever to go through zero. In order to exemplify this behavior we show, in 
Figure [21 the Bohmian quantum potential eq. (|16|) . for the model with k = — 1, 
A = —15. The wavefunction was obtained by the linear combination of two 
energy eigenfunctions and corresponding time sectors with eigenvalues Eq and 
Ex given in Table [TJ For a better visualization of Q's behavior, we choose a 
small time interval in Figure [5] For a clearer understand of Q's behavior we 
have plotted, in Figure 02 the Bohmian trajectory of x for the model with the 
same conditions described in Figure [2] during the same time interval of Figure [2] 
and initial condition x = 0.221185558521407 at t — 0. This initial condition was 
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obtained from the calculation of the expected value of x, for the same model 
and the same linear combination of energy eigenstates and corresponding time 
sectors of the model described in Figured 
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Figure 1: Time evolution of x for a FRW model with k = —1, A = —15 and a perfect fluid of 
cosmic strings (p = — l/3p). The wavefunction was obtained by the linear combination of the 
twenty-one lowest energy eigenfunctions. 
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Figure 2: Bohmian quantum potential for a FRW model with k = —1, A = —15 and a perfect 
fluid of cosmic strings (p = — l/3p). The wavefunction was obtained by the linear combination 
of the two lowest energy eigenfunctions. 
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Figure 3: Time evolution of x for a FRW model with k = —1, A = —15 and a perfect fluid of 
cosmic strings (p = — l/3p). The wavefunction was obtained by the linear combination of the 
two lowest energy eigenfunctions. 
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